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The finite time end of entanglement between two decohering qubits can be modified by local,
unitary actions performed during the decoherence process. Depending on the time when such action
is taken, the end can be speeded up or slowed down, or even averted all together. This phenomenon
offers practical applications for the stabilization of entangled quantum states. Details concerning
hastening or delaying the finite time end of entanglement are presented for two qubits which decay
spontaneously into statistically independent reservoirs.
PACS numbers: 03.67.-a, 03.65.Yz, 03.65.Ud, 03.65.Ta
Entanglement is a key feature of the quantum physics
of more than one particle. From its historical beginnings
[1] to the current practical interest in it as a core resource
for the field of quantum information sciences [2], this
property of quantum systems continues to fascinate and
to shed new light onto the nature of our quantum world.
The fields of quantum computing, quantum cryptography
and key distribution [3], and quantum teleportation[4] all
rely on having entangled states of two qubits. Since each
qubit is inevitably subject to decoherence and decay pro-
cesses, no matter how much they may be screened from
the external environment, it is important to consider pos-
sible degradation of any initially established entangle-
ment. In particular, there has been increasing discussion
of what has been called “sudden death”, a finite time
when the entanglement disappears even under decoher-
ence mechanisms which may be only asymptotic in time
[5, 6, 7]. Clearly, such finite time disappearance of en-
tanglement can seriously affect its application in any of
the above fields.
It is well known in the context of spontaneous emission
processes [9] or delayed choice experiments [10], for exam-
ple, that characteristic quantum phenomena and effects
of decoherence can be influenced significantly by suitable
actions, such as measurements. Therefore, it would be
of interest if A(lice) and B(ob), the two members of the
entangled pair, can take suitable individual actions when
faced with the prospect of loss of entanglement to post-
pone that end. Some studies on changing the initial state
into an equivalently entangled but more robust state have
been carried out [8]. In this Letter, we deal with the more
direct question that, even given an initial state and a set
up which will end in disentanglement at finite time, can
they themselves take suitable actions later to change the
fate of their entanglement. We answer in the affirma-
tive. In particular, it is shown that simple local unitary
operations can alter the time of disentanglement. This
is even possible if these local operations are separated
spacelikely so that they are not connected by any causal
relation. The operations we consider can either hasten or
delay that time depending on its time of application. A
suitable window for this application can even avert com-
pletely the finite or sudden death. In that case, entangle-
ment will persist and decay only asymptotically just as
do the decoherences for both qubits. While our discus-
sion will be for two qubits, it is clear that similar results
will apply also to other systems such as qubit-qutrit [11]
and qutrit-qutrit [12, 13] where also questions of the fi-
nite end of entanglement have been considered. We will
present such results elsewhere.
We consider the model of two two-level atoms and “am-
plitude damping” in the form of spontaneous (pure ex-
ponential) decay into statistically independent reservoirs
from the excited to the ground state being the only pos-
tulated dynamics [6]. Whatever the initial state, whether
pure or mixed, and whether entangled (non-separable) or
not, the final state reached in asymptotic time is clearly
one of both atoms in the ground state, that is, a product
state of the two ground-state atoms/qubits with no en-
tanglement. It is also a pure state with zero entropy. The
much discussed model [6] considers mixed states with a
density matrix of the form
ρ(t) =
1
3


a(t) 0 0 0
0 b(t) z(t) 0
0 z(t) c(t) 0
0 0 0 d(t)

 . (1)
The coefficients (a, b, c, d, z) may be considered real, and
Tr ρ = (a + b + c + d)/3 = 1. The four states are
described as usual by (| + +〉, | + −〉, | − +〉, | − −〉)
with Alice and Bob’s states shown as the first and sec-
ond entries, respectively, in the ket, and +/− denoting
excited/ground state. The initial condition chosen, of
b(0) = c(0) = z(0) = 1, along with the only evolution,
that + decays to − at a steady rate exp(−Γt/2) in am-
plitude, keeps b(t) = c(t) throughout.
The form of ρ(t) in Eq. (1) is preserved by time evolu-
tion. The off-diagonal density matrix element is given by
z˙(t) = −Γz(t) (an overhead dot indicates differentiation
2with respect to time) and the diagonal ones by
d
dt


ρ++
ρ+−
ρ−+
ρ−−

 =


−2Γ 0 0 0
Γ −Γ 0 0
Γ 0 −Γ 0
0 Γ Γ 0




ρ++
ρ+−
ρ−+
ρ−−

 . (2)
No elaborate derivation is necessary, these equations hav-
ing an obvious structure dictated by the “decay” from +
to “feed” into −. Their solutions are also immediate.
In terms of a logarithmic, dimensionless time parameter,
γ = exp(−Γt/2), we have
ρ++(t) = a(t) = a(0)γ
4
ρ+−(t) = ρ−+(t) = b(t) = [b(0) + a(0)]γ
2 − a(0)γ4
ρ−−(t) = d(t) = 3 + a(0)(γ
4−γ2)−[3−d(0)]γ2
z(t) = z(0)γ2. (3)
Were (b, c, z) to be the only non-zero elements in
Eq. (1), we would have an entangled pure state (|+−〉+
| − +〉). The coefficients would all decay with a factor
γ2, and so would the entanglement only asymptotically.
The additional choice of either (a(0) = 1, d(0) = 0) or
(a(0) = 0, d(0) = 1) gives a mixed state which is non-
separable. Both choices give the same entropy, defined
as−∑ ρi ln ρi in terms of the eigenvalues of ρ. This value
is ln(3/41/3) at t = 0 and decreases to 0 asymptotically
when the system is in the pure state | − −〉. But their
evolution of entanglement or separability is very different
[6, 14].
Various measures of entanglement all coincide in their
conclusion that the second choice of d(0) = 1 leads
to non-separability only asymptotically at infinite time
whereas the first choice with a(0) = 1 leads to a finite
time for the end of entanglement, the “sudden death”
[6]. Concurrence [15] having been discussed in previous
papers, we choose negativity as a more easily measurable
quantity in terms of the partially transposed density ma-
trix [16] as an indicator of non-separability.
The negativity is defined as the sum of the absolute
values of all the negative eigenvalues of the partially
transposed density matrix [17] for a quantum state. For
the 2 ⊗ 2 system, there can be at most one such possi-
ble negative eigenvalue [18]. Viewing Eq. (1) in terms
of 2 × 2 blocks and transposing the off-diagonal blocks
to define such a partial transpose, its eigenvalues con-
tain one that can possibly be negative. This eigen-
value, or alternatively, six times that value, is given by
a(t)+d(t)−
√
[a(t)− d(t)]2 + 4z2(t), and it can take neg-
ative values so long as ad < z2. When a(0) = 0, since a(t)
from Eq. (3) remains zero at all times, the system retains
non-separability for all finite t. However, for the choice
(d(0) = 0, a(0) = 1), the system starts as non-separable
or entangled but when a(t)d(t) crosses z2(t) during the
subsequent evolution, the entanglement is lost. It can be
seen that the time t0 at which this happens is
Γt0 = ln(1/γ
2
0) = ln(1 + 1/
√
2). (4)
This is the time of “sudden death” [6]. At this point, we
have a = 6− 4√2, b = 2√2− 2, d = 1, z = 2−√2.
Previous papers have examined the evolution of entan-
glement for different initial choices of the above parame-
ters [6, 14]. The evolution of Werner states [19], with a
form slightly different from the one in Eq. (1) with non-
zero entries in the other two corners as well, has also been
studied [14]. It has also been noted that different “initial-
izations”, wherein an initial given state such as in Eq. (1)
is switched to another with equivalent entanglement, can
lead to a change in the time of non-separability [8]. A
recent paper has collected compactly necessary and suffi-
cient conditions for this under both amplitude and phase
damping [20].
Another observation, with multimode radiation fields,
is that spontaneous emission can also lead to a revival
of entanglement from a separable configuration [21]. In
three-level atoms or qutrits, finite end of entanglement
for pairs and abrupt changes in lower bounds on entan-
glement have been noted [12], as also quantum interfer-
ence between different decay channels creating an asymp-
totic entanglement [13]. The finite end phenomenon has
also been noted for mixed qubit-qutrit states [11] and it
seems to be a generic phenomenon for all entangled-pair
systems.
We turn, however, to a different question, whether,
given the qubit-qubit system above and initial conditions
that lead to separability in finite time, a suitable inter-
vention may alter that time. Such a question is clearly
even of practical interest because, as noted in [22], “finite
end may affect the feasibility of solid-state based quan-
tum computing”. Therefore, a simple intervention that
prolongs the entanglement resource can be of broad in-
terest. Indeed, the above discussion and, especially, the
asymmetry noted between the two choices of whether it
is a or d that is initially zero, suggests a way for such
an intervention. When a(t) = 0, the non-separability in
the mixed state because of the presence of d simply con-
tinues as the states that are entangled “decay down” to
enhance d. The other situation of a(0) = 1 and, there-
fore, a non-zero a(t) is quite different, because it feeds
into the entangled sector “from above”. At a crucial
point/time when ad > z2, which, as is especially clear
from the partial transposed density matrix (see Eq. (1)),
has to do with the (| + +〉, | − −〉) sector, it is this feed
which swamps the entangled sector and makes the mixed
state separable.
The above diagnosis of which aspect of the asymme-
try between a and d is responsible for the separability
suggests a “switch” between them. Such a switch, which
leaves the other coefficients (b, c, z) unchanged, amounts
to interchanging + and − for both qubits. This is a
local unitary transformation that both Alice and Bob
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FIG. 1: Evolution of negativity N with time for an initial
mixed state in Eq. (1) with a(0) = b(0) = c(0) = z(0) =
1, d(0) = 0. The solid line shows the undisturbed evolution,
with sudden death at Γt0 ≈ 0.5348. Other dotted and dashed
lines show the effect of switching the values of a and d at
different times. Those after ΓtA ≈ 0.2877 hasten, and those
before delay, the sudden death. Switches earlier than ΓtB ≈
0.1293 avoid sudden death altogether, negativity vanishing
only asymptotically in time.
can easily implement, by individual σx operations for
spins or laser coupling of the excited and ground states
for two-level atoms. Consider the same initial condi-
tion as before, with (a(0) = 1, d(0) = 0), which leads
to sudden death. Before the time t0 corresponding to
the end of entanglement, consider such local unitary op-
erations that merely interchange a and d. If this is
done at the time tA when a = d, which happens when
exp(−ΓtA) ≡ γ2A = 3/4, clearly there will be no effect
upon the subsequent evolution, the end still coming at
time t0. See Figs. 1 and 2. If the switch is made at any
time intermediate between tA and t0 (see FIG. 2), sep-
arability occurs earlier, a minimum being at the switch
time Γt1 ≈ 0.357.
More interestingly, a switch earlier than tA prolongs
the entanglement as shown in the figures. Moreover,
switch times before tB with ΓtB ≈ 0.1293 avoid the fi-
nite time end all together, leading to separability only
asymptotically. As a practical matter, therefore, when
Alice and Bob separate at t = 0 and know that they
face an end to their entanglement at t0, they can agree
beforehand to make the local unitary switch between +
and − at a certain time as desired to alter that end.
In FIG 1, negativity is plotted against the parame-
ter Γt. The solid line corresponds to a situation when
no switch is made and the sudden death happens at
Γt0 ≈ 0.5348. If the switch is made at Γt1 ≈ 0.357
(dotted-dashed line), the sudden death reaches a mini-
mum value of Γt< ≈ 0.48. Any switch made earlier than
tA leads to a delay in sudden death in comparison with
t0. Two instances are shown in the upper curves. If the
switch is made at Γt ≈ 0.223 (dashed line), the negativity
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FIG. 2: The time for the end of entanglement is plotted
against the time of switching + and − in Eq. (1). Start-
ing on the right at switching times of Γt0 ≈ 0.5348, the curve
has a broad and small dip before rising rapidly to infinite time
at ΓtB ≈ 0.1293.
comes to an end at Γt ≈ 0.716. Any switch made earlier
than ΓtB ≈ 0.1293 avoids a finite end, leading only to
asymptotic decay of entanglement.
FIG 2 displays the time of sudden death tend against
the time of switching tsw. The earlier the switch is made
than ΓtA ≈ 0.2877, the more the end of entanglement is
delayed. Sudden death is avoided completely when the
switch takes place earlier than ΓtB ≈ 0.1293.
Interestingly, switching + and − at only one end, that
is, either Alice or Bob makes the local unitary σx trans-
formation, also alters the end of entanglement. Now, a
and c in the density matrix in Eq. (1) are interchanged,
as also b and d, while z moves to the corners of the anti-
diagonal. The roles of (a, d) and (b, c) in Eq. (3) are
interchanged and we find that sudden death is hastened
or delayed depending on the time of switching but it is
now no longer averted indefinitely. FIG. 3 shows the re-
sults to be contrasted with those in FIG. 2. A maximum,
but still finite, delay is obtained for the earliest switch
at Γtsw = 0, its value Γtend = ln(3 +
√
5)/2 ≈ 0.9624
being a little less than double that of Γt0. A simple, an-
alytical expression describes the curve in FIG. 3. With
x = exp(−Γtsw), y = exp(−Γtend), we have
y(x) =
3−√9− 24x+ 20x2
2(2− x) . (5)
The value of Γt0 in Eq. (4) corresponds to the root y =
x = 2−√2.
In summary, we have shown that a simple local unitary
operation that can be carried out on both qubits of an
entangled pair changes the subsequent evolution of their
entanglement. For mixed states under conditions which
lead to a loss of that entanglement at finite time, termed
sudden death, such an operation can either hasten or
delay that death, depending on the time at which it is
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FIG. 3: As in FIG. 2 when the switch is done at only one
end. Note that the maximum delay, which occurs at tsw = 0,
is now finite.
carried out. There is a critical time before which the
operation can even completely avert the sudden death
of entanglement. When the local transformation is done
at only one of the qubits, sudden death is hastened or
delayed but not averted completely.
One of us (ARPR) thanks the Theoretische Quanten-
physik group at the Technische Universita¨t Darmstadt,
for its hospitality during the course of this work. M. Ali
acknowledges financial support by the Higher Education
Commission, Pakistan, and the Deutscher Akademischer
Austausch Dienst.
[*] Email: arau@phys.lsu.edu
[1] E. Schro¨dinger, Proc. Cambridge Philos. Soc. 31, 555
(1935); A. Einstein, B. Podolsky, and N. Rosen, Phys.
Rev. 47, 777 (1935).
[2] M. A. Nielsen and I. L. Chuang, Quantum Computa-
tion and Quantum Information (Cambridge Univ. Press,
Cambridge, 2000).
[3] A. K. Ekert, Phys. Rev. Lett. 67, 661 (1991).
[4] C. H. Bennett, G. Brassard, C. Crepeau, R. Josza, A.
Peres, and W. K. Wootters, Phys. Rev. Lett. 70, 1895
(1993); Dik Bouwmeester, J. W. Pan, K. Mattle, M. Eibl,
H. Weinfurter, and A. Zeilinger, Nature 390, 575 (1997).
[5] L. Diosi, in Irreversible Quantum Dynamics (Lecture
Notes in Physics, Vol. 622), eds. F. Benatti and R. Flo-
reanini (Springer, Berlin, 2003), p. 157; P. J. Dodd and
J. J. Halliwell, Phys. Rev. A 69, 052105 (2004).
[6] T. Yu and J. H. Eberly, Phys. Rev. Lett. 93, 140404
(2004); Phys. Rev. B 66, 193306 (2002) and 68, 165322
(2003); J. H. Eberly and T. Yu, Science 316, 555 (2007).
[7] M. P. Almeida, F. de Melo, M. Hor-Meyll, A. Salles, S.
P. Walborn, P. H. S. Ribeiro, and L. Davodovich, Science
316, 579 (2007); J. Laurat, K. S. Choi, H. Deng, C. W.
Chou, and H. J. Kimble, arXiv:quant-ph/0706.0528.
[8] T. Yu and J. H. Eberly, Quantum Information and Com-
putation 7, 459 (2007); M. Yo¨nac¸, T. Yu and J. H. Eberly,
J. Phys. B 39, S621 (2006); A. Jamro´z, J. Phys. A 39,
7727 (2006).
[9] P. Meystre, M.O.Scully, and H. Walther, Opt. Commun.
33, 153 (1980); F. Shimizu, K. Shimizu, and H. Takauma,
Phys. Rev. A 28, 2248 (1983).
[10] T. Hellmuth, H. Walther, A. Zajonc, and W. Schleich,
Phys. Rev. A 35, 2532 (1987).
[11] K. Ann and G. Jaeger, Phys. Lett. A, (2007)
doi:10.1016/j.physleta.2007.07.070; Mazhar Ali, A. R. P.
Rau and K. Ranade, arXiv:quant-ph/0710.2238.
[12] F. Lastra, G. Romero, C. E. Lopez, M. FrancaSantos,
and J. C. Retamal, Phys. Rev. A 75, 062324 (2007).
[13]  L. Derkacz and L. Jakobczyk, Phys. Rev. A 74, 032313
(2006).
[14] M. Ikram, Fu-li Li, and M. S. Zubairy, Phys. Rev. A
75, 062336 (2007); M. F. Santos, P. Milman, L. Davi-
dovich, and N. Zagury, ibid, 73, 040305(R) (2006); A. Al-
Qasimi and D. F. V. James, arXiv:quant-ph/0707.2611;
L. Jakobczyk and A. Jamro´z, Phys. Lett. A 333, 35
(2004)
[15] S. Hill and W. K. Wootters, Phys. Rev. Lett. 78, 5022
(1997); W. K. Wootters, ibid, 80, 2245 (1998).
[16] A. Peres, Phys. Rev. Lett. 77, 1413 (1996); M. Horodecki,
P. Horodecki, and R. Horodecki, Phys. Lett. A 223, 1
(1996), and in Quantum Information, eds. G. Alber et al
(Springer-Verlag, Berlin, 2001), p.151.
[17] G. Vidal and R. F. Werner, Phys. Rev. A 65, 032314
(2002).
[18] A. Sanpera, R. Tarrach and G. Vidal, Phys. Rev. A 58,
826 (1998).
[19] R. F. Werner, Phys. Rev. A 40, 4277 (1989).
[20] Jie-Hui Huang and Shi-Yao Zhu, Phys. Rev. A 76, 062322
(2007).
[21] Z. Ficek and R. Tanas, Phys. Rev. A 74, 024304 (2006).
[22] K. Roszak and P. Machnikowski, Phys. Rev. A 73,
022313 (2006).
[23] W. P. Schleich, Quantum Optics in Phase Space (Wiley-
VCH, Berlin, 2001).
[24] M. O. Terra Cunha, N. J. Phys. 9, 237 (2007).
